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Abstract: A weighted-residual based a posteriori error estimation formulation in Galerkin’s
finite element fashion using quadratic Lagrange polynomials has been formulated to find
numerical solutions of obstacle, unilateral and contact second-order boundary-value prob-
lems. The approach having piecewise quadratic shape functions has been utilized for
checking the approximate solutions for spatially adaptive finite element grids. The local
element balance based on the residual has been considered as an error assessment crite-
rion. Numerical testing indicates that local errors are large at the interface regions where
the gradients are large. A comparison of an adaptive refined grid with that of a uniform
mesh for second order obstacle boundary value problems, confirms the superiority of the
adaptive scheme without increasing the number of unknown coefficients.
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1 Introduction

Appropriate grid construction is a key characteristic of any formulation intended for solving differ-
ential equations using finite element methods (FEM). It is observed in most situations that, once a
grid has been generated, it is kept fixed all the way through the enduring computations. This may
cause an increase in local errors in the solution domain where the element size “h” is not sufficient
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to model a rapidly changing solution correctly. The adaptive grid generation technique helps in
creating a large number of grid nodes in the regions where the solution is sharply changing; it can
lessen the local errors and also a small grid density in domains where the solution is either constant
or slowly varying, can facilitate a more efficient use of resources.

In almost all adaptive grid generation schemes, the local error assessment criterion is the key
concern. Simple post processing error estimators have been used by Zienkiewicz and Zhu [1, 2]
based on the approaches proposed by Oden [3] and Hinton [4]. An adaptive scheme based on a
posteriori error estimation was employed by Mirza et al [5], has also been employed in our present
investigations for the obstacle problem considered. Since this scheme depends on the governing
differential equations of the specific physical phenomenon, therefore, it is more precise and vigorous
than the other schemes presented by Babuska et al [6, 7], and Carey [8].

In this article, an adaptive technique based on a posteriori error estimation has been utilized to
solve boundary value problems using weighted residual formulations. Quadratic shape functions
are used for obtaining smooth approximations to the solution of a system of second-order boundary-
value problems [9, 10, 11, 12, 13] of the following type:

f(z) a<z<ec,
y'=1q 9@)y(@)+ f(z) +r, c<z<d, (1)
f(a), d<z<h.
with boundary conditions,
y(a) = a1 and y(b) = as (2)

where f(z) is a given force on the string and the continuity conditions of y and ¢y’ at ¢ and d. Here,
f and g are continuous functions on [a,b] and [c,d] respectively. The parameters as, as, and r,
are real finite constants. Such types of systems arise in the study of obstacle, unilateral, moving
and free boundary value problems [9, 10, 11, 12, 13] describing the equilibrium relationship of an
obstacle string pulled at the ends and lying over an elastic step. The following system of differential
equations is obtained for the same equilibrium configuration of an obstacle string pulled at the
ends and lying over an elastic step:

v | flz) 0<z<nw/4 and 3r/4 <z <m, (3)
Tl y+flx) -1, w/4<x<37n/4,
with boundary conditions,
y(0) = y(m) =0, (4)

Here z is the independent variable, y(z) is the unknown function (state variable). We will call f(x)
an interior load (since it represents load applied to the interior (i.e., the domain)) of the system.
The domain is any finite or infinite interval along the z-axis. The word ‘load’ is to mean any agent
or driving force that causes the state of the system to change, for example, a force, displacement,
voltage or temperature etc. In general it is not possible to obtain the analytical solution of (1) for
arbitrary choices of f(z) and g(x), thus, usually numerical methods are employed for obtaining an
approximate solution of (1).

One of the main advantages of the adaptive technique is the attainment of higher accuracy. Once
the solution has been computed, the information required for FEM interpolation between mesh
points is available. This is particularly important when the solution of the boundary-value problem
is required at different locations in the interval [a, b].

The layout of the paper follows with section 2, where an adaptive finite element formulation is
presented using quadratic Lagrange polynomial. Computational aspects are given in section 3 and
the comparison of the uniform grid solutions and adaptive grid solutions are discussed in section
4.
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2 An Adaptive Finite Element Formulation

The finite element method provides an elegant and systematic technique for constructing basis
functions for Galerkin’s approximations of boundary value problems; a brief reflection reveals that
the idea also provides a basis for methods of interpolation. The method leads to the Lagrange
families of finite elements.

in this formulation C°-quadratic elements are used and require three nodes to uniquely define a
quadratic polynomial. One node must be located on the element boundary, in order to simplify
assembly and to make sure that the resulting assembled trial functions are local. The third node
may be located anywhere in the interior. The middle node plays no role in establishing inter-
element continuity; its only purpose is to help in defining a quadratic polynomial. We prefer to
recast the quadratic trial function in terms of values of the dependent functions at nodes i, j&k
(the convention used by [5, 14-17]) thus

§(x) = N1y; + Nay; + Ny, = [N] {7} (5)

Here {gj}T = [ Yi Yi Yk ] is the vector of nodal coordinates and [N] = [ Ny Ny Ns ] is called
the vector of interpolation, shape, or basis functions, where N1 = (x —z;) (x — ) / (z; —z;) (x; —
21), No = (@ — 22) (2 — 1) / (@5 — 1) (5 — ), and Ny = (@ — @) (2~ 25) / (a — 1) (on — ).
Now, the governing differential equation is of the form (see equation (3)):

y'—ay—f(z)+B8=0 (6)
where
a=p=0, for 0<z<n/4 and 3n/4 <z <m, (7)
a=p=1, for /4 <z < 3mw/4,

Galerkin’s finite element formulation as given in [14, 15, 16, 17], is used for our particular problem
and after substituting the trial functions, the equation (6) can be written in discretized form as

n

wﬂ'|§f —Z (/X w’j}’dm—&—a/x ngd:r:—i—/X

e=1 e e e

wf(yc)afav—ﬁ/xe wdx) =0 (8)

where ’e’ represents the element and 'n’ represents the total number of elements in the discretized
region. Now, when the element equations are assembled according to equation (8). The equations
for the elements must combine in such a manner that only the boundary terms for the element
nodes on the boundary will contribute; all other terms for the interior nodes will be zero. This
implies that the boundary terms for the elements at common interior nodes cancel each other. In
this particular problem (3), the contribution of the boundary terms will also vanish due to y(0) =0
and y(m) = 0. Also, f(x) = 0 for the given system of second-order differential equations in the
example. Therefore, in matrix notation the system of equations (8) can be written as

n

Z(klﬂ + akey — Bf1) =0 (9)
e=1
7 -8 1 4 2 -1 1
where ki = 22 | =8 16 —8 |, ke=2%| 2 16 2 |,and fy =% | 4 |. Note that k
1 -8 7 -1 2 4 1

and ko are stiffness matrices, whilst f; is a force vector. L =z, — x; or L = x; — @; is the length
between two adjacent nodes. Using the conditions given in (7), we can write (9) for one element

as
kig =0, for 0<z<7/4 and 3n/4 <x <,

F1j + akaj — Bfy = 0, for 7/4 <z < 3/4, (10)
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Then applying the assembly procedure given in [14-17] for 'n’ elements and using the conditions
of equation (10), we will get global system of equations

Kij=F (11)

where K is a global stiffness matrix and Fj is global force vector.

2.1 Residual Based a posteriori Error Estimation for Adaptive Grid Refinement
Approaches

The adaptive grid refinement stratagem progressively refines the grid in appropriate regions of the
solution domain. The vital part of such an approach is an error assessment criterion for checking
the quality of the approximate solution for various finite element grids. An a posteriori error
assessment criterion, which generates error estimates during the course of finding an approximate
solution and adaptively changes the grid is used [1-5].

2.2 A Residual Based a posteriori Scheme

A local error evaluation system which is based on the estimation of local residuals of the differential
equation is presented. A local element balance equation can be obtained from equation (8) of the
obstacle problem over the length of an element, i.e.,

X§ X5 X5 X§
/ w'§ dx + a/ wydr + / wf(x)de — p wdx ~ 0 = R° (12)
X7 X7 X7 X7

A global particle balance over the whole system demands the condition

i(/X w/g/dera/X ngdx+/X wf(x)d:n—ﬂ/X wdm)mOﬂ?, (13)

e=1 e e

where the summation is over all the elements of the system.

In obstacle problems, the conditions are given by (12) and (13) and can be used as assessment
criterion for checking the closeness of the approximate solution to the exact solution. In case of
an approximate solution, these conditions lead to a non-zero residual. However, the element-wise
condition can be employed as an assessment criterion for dividing elements into elements of smaller
size. In general, for an approximate solution

klg + akgg - Bfl ~0=R. (14)

Using this local residual as an assessment criterion, an algorithm can be developed which locates
elements where residuals are large, locally refines the grid and computes the solution on the newly
generated grid. This algorithm can be repeated until a specified stopping measure is met. While
dividing an element into sub-elements, the number of subdivisions can be made proportional to
the relative magnitude of the local residual. This helps us in distributing the residual uniformly
over the entire domain.

3 Computational Aspects and Implementation

A computer code has been developed to solve obstacle, unilateral and contact second-order boundary-
value problems using an adaptive finite element scheme. The program has a core module which
employs quadratic Lagrange polynomials as basis functions for finite element formulation. This
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core module follows the general steps of a finite element solution strategy to find an approximate
solution. The core module is called by the adaptive grid generator to determine local residuals and
explore the possibility of grid refinements in appropriate regions of the problem. The error esti-
mation scheme established in the previous section has been implemented in the outer grid refining
iteration module. The working of this grid refining iteration module is described in the algorithm
in the section that follows.

3.1 Grid Refining Iteration Algorithm

Step 1: Read the input parameters for the obstacle problem.
Step 2: Set maximum number of iterations MaxIterations, minimum local residual €;,cq;.
Step 3: For the given grid, determine the solution at the nodes.
Step 4: Compute the residual for each of the element R¢ by using the solution obtained from step
3. Also calculate the global residual ® and standard deviation o of the element residuals.
Step 5: Check for the stopping criteria for the adaptive scheme chosen in step 2.
Step 6: Iterate over all the elements starting from element e = 1,
If R > ox then
Split the element into sub-elements.
Update the nodal-coordinate and element-connectivity tables.
end if
Step 7: Repeat steps 3 to 6.
The above algorithm works repeatedly, until either a convergence is reached or the maximum
number of iterations is met.

4 Numerical Results and Discussions
We consider the system of differential equation (3), when f(z) =

v |0, for 0<z<7/4 and 3n/4 < x <, (15)
Y =1 y-1, for m/4 <z < 3m/4,

with boundary conditions (4). The analytical solution for the above mentioned example is given
as [9, 10, 14]

4x /v, for 0<z<m/4,
y(x) =4 1—4cosh(n/2 —x)/v2, for w/4 <z <3n/4, (16)
d(r —x) /7, for 3r/4 <z <,

where v1 = 7 + 4 coth(w/4) and 5 = wsinh(w/4) + 4 cosh(w/4).

A grid refining iteration algorithm is applied on the mentioned obstacle problem. Figure 1 shows
a gradual reduction in the local residuals as the solution procedure gradually adapts according to
the approximation solution.

It is shown in Figures 1(a)-1(d), as the algorithm proceeds, more grid points are generated in
regions where the solution is changing rapidly and the local residual errors are large. Local residual
errors corresponding to the approximate solutions are shown in Figures 1(e)-1(h). The algorithm
automatically identifies those elements where grid refinement is required. The adaptive procedure
in turn results in the reduction of local errors from values ranging from [0, 0.4] to [0, 10.7].

After obtaining a refined grid, the core module was used to find the solution using both a
uniform and refined grid. The same number of grid points is used in the uniform grid as that
obtained for the adaptively refined grid. A comparison of the two solutions along with local
residuals is shown in Figure 2. It can be seen that the uniform and adaptive approximate solutions
are similar (see Figures 2(a) and 2(b)).
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Figure 1: Adaptive FEM solutions (using quadratic Lagrange polynomials) and element wise local
residuals for coarse meshing to fine meshing.

In case of a uniform grid solution, the local residual error (Figs. 2(c)) is large (in the range [0,
0.5]), while the local residual error is very small in case of the adaptively generated grid (in the
range [0, 10.7]). A comparison of the two errors is also shown in Figures 3(a)-3(c) with increasing
number of elements. It is shown that in the case of a uniform grid solution, the local error is large,
while it is very small in the case of the adaptively generated grid.

5 Conclusions

In this paper an adaptive grid refinement approach for the finite element solution of obstacle,
unilateral and contact second-order boundary-value problems has been presented. In order to
examine the adaptive grid refinement approach, a computer code has been developed using a
posteriori error assessment criteria. A noticeable reduction in the local errors is observed using
the adaptive grid refinement approach which resulted in obtaining more accurate solutions in
comparison with the uniform grids. The improvement in accuracy is attributed to the repositioning
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Figure 2: Uniform grid solution and adaptive grid solution and comparison of element wise local
residuals (20 quadratic elements).

of the grid nodes. It is not due to simply an increase in the number of nodes. The adaptive grid
refinement scheme automatically repositions the nodes in regions where the local errors are large.
A comparison between the adaptive and uniform grid approaches, based on progressively increasing
the number of elements indicates fast convergence of the adaptive grid refinement technique.
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Figure 3: Absolute errors for uniform meshing and adaptive meshing with increasing number of
elements (a) 20 elements (b) 36 elements (c) 68 elements.

6 Acknowledgement

Some of the authors would like to acknowledge that this work is supported by the Higher Education
Commission Pakistan done under project No. 20-2496/NRPU/R&D/HEC/12/5674.

References

[1] Zienkiewicz, O. C. and Zhu, J. Z., A simple Error Estimator and Adaptive Procedure for
Practical Engineering Analysis, Int. J. Num. Meth. Engrg., Vol. 24, pp. 337-357, (1987).

[2] Zienkiewicz, O. C. and Zhu, J. Z., The Superconvergent Patch Recovery and a posteriori
Error Estimates. Part I: The Recovery Technique, Int. J. Num. Meth. Engrg., Vol. 33, pp.
1331-1364, (1992).

© 2016 European Society of Computational Methods in Sciences and Engineering (ESCMSE)



An Adaptive Finite Element Formulation 45

3]

[4]

[17]
[18]

Oden, J. Y. and Brauchli, H. J., On the Calculation of Consistent Stress Distribution in Finite
Element Approximations, Int. J. Num. Meth. Engrg., Vol. 3, pp. 317-325, (1971).

Hinton, E. and Campbell, J. S., Local and Global Smoothing of Discontinuous Finite Element
Functions using a Least Squares Method, Int. J. Num. Meth. Engrg., Vol. 8, pp 461-480,
(1974).

Anwar M. Mirza, Shaukat Igbal and Faiz-ur-Rahman, “A Spatially Adaptive Grid-Refinement
Approach for the Finite Element Solution of the Even Parity Boltzmann Transport Equation”,
Annals of Nuclear Energy, Vol. 34, No. 7, pp. 600-613, (2007).

Babuska 1., Zienkiewicz O. C., Cago J. and Oliveira E. R., Accuracy Estimates and Adaptive
Refinements in Finite Element Computations, Babuska I. et al., eds., Wiley, New York, 1986.

Babuska, L., The p and hp Versions of the Finite Element Method, Basic Principles and
Properties, STAM Review, Vol. 36, No. 4, pp. 578-632, (1994).

Carey, G., Computational Grids: Generation, Adaptation and Solution Strategies, Taylor &
Fancis, Philadelphia, (1997).

E.A. Al-Said, Spline solutions for system of second-order boundary-value problems, Int. J.
Comput. Math. 62 (1996) 143-154.

E.A. Al-Said, The use of cubic splines in the numerical solution of system of second-order
boundary-value problems, Int. J. Comput. Math. Appl. 42 (2001) 861-869.

C. Baiocch, A. Capelo, Variational and Quasi-Variational Inequalities, John Wiley and Sons,
New York, 1984.

R.W. Cottle, F. Giannessi, J.L. Lions, Variational inequalities and complementarity problems,
Theory and Applications, Oxford, UK, 1984.

J.L. Lions, G. Stampacchia, Variational inequalities, Commun. Pure Appl. Math. 20 (1967)
493-519.

H. Lewy, G. Stampacchia, On the regularity of the solutions of the variational inequalities,
Commun. Pure Appl. Math. 22 (1960) 153-188.

S. Igbal, A. M. Mirza and I. A. Tirmizi, “Galerkin’s Finite Element Formulation of the Second-
Order Boundary-Value Problems”, International journal of Computer Mathematics, Vol. 87,
No. 9, pp. 2032-2042, (2010).

Shaukat Igbal and Nisar Ahmed Memon, “Numerical Solution of Singular T'wo-Point Bound-
ary Value Problems Using Galerkin’s Finite Element Method”, Quaid-e-Awam University
Research Journal of Engineering, Science and Technology (QUEST-RJ), Vol. 9, No. 1, pp.
14-19, (2010).

O. C. Zienkiewicz, The Finite Element Method, McGraw Hill, London, 1977.

F. L Stasa, Applied Finite Element Analysis for Engineers, CBS Publishing, 1985.

© 2016 European Society of Computational Methods in Sciences and Engineering (ESCMSE)



